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Abstract. Let m be a positive integer, and define 

Cm(s) = S and C( s ) = Yl i ' 

n=l n=l 

for 5ft(s) > 1, where uj(n) denotes the number of distinct factors of n, and fl(n) 
represents the total number of prime factors of n (counted with multiplicity). In 
this paper we study these two zeta functions and related arithmetical functions. 
We show that 

'- =0 if m > 4, 

n 

which is similar to the known identity ^^=1 A t ( n )/ n = equivalent to the Prime 
Number Theorem. For m > 4, we prove that 

00 / 2ni/mw(n) 00 ( _„2-rri/m\ft(n) 

C m (l) := J2 — = and C(l) := E " " = °- 

* — ' n * — ' n 

n=l n=l 

and that both Vm{x)(\ogx) 2nl / m and V^ l (x)(\ogx) 2vrl ^ m have explicit given 
finite limits as x — > 00, where 

Vm (x) = J2 [ — 1 and VM = J2 — ■ 

We also raise a hypothesis on the parities of £l(n) — n which implies the Riemann 
Hypothesis. 



00 

E 

n = l 
n is squarefree 
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1. Introduction 
The Riemann zeta function C( s )> defined by 

c( s ) = E — for > 

n=l 

plays a very important role in number theory. As Euler observed, 

^) = n( 1 -^) 1 ft» «(*)>!■ 

(In such a product we always let p run over all primes.) It is well-known that 
C{s) for 9?(s) > 1 can be continued analytically to a complex function which is 
holomorphic everywhere except for a simple pole at s=l with residue 1. The 
famous Riemann Hypothesis asserts that if ^ 9?(s) ^ 1 and £(s) = then 
3?(s) = 1/2. The Prime Number Theorem ir(x) ~ x/logx (as x — > oo) is 
actually equivalent to C(l + it) 7^ f° r an y nonzero real number t. (See, e.g., 
R. Crandall and C. Pomerance [CP, pp. 33-37].) 

Let n be the Mobius fucntion. It is well known that 



coo E 4? = 1 for > L 



n 

n=l 



Also, either of Yl^Li f i ( n )/ n = and Xln^x M n ) = is equivalent to the 
Prime Number Theorem. (Cf. T. M. Apostol [A].) 

The reader may consult [A] and [IR, pp. 18-21] for the basic knowledge of 
arithmetical functions and the theory of Dirichlet's convolution and Dirichlet 
series. 

If n e Z + = {1,2,3,...} is squarefree, then ji{n) = (— l) fi ( n ) depends 
on Q(n) modulo 2, where O(n) denotes the number of all prime factors of 
n (counted with multiplicity). For the Liouville function X(n) = (— l) Q ( n \ it is 
known that 

1 if n is a square, 
otherwise. 



E A ( rf ) 

d\n 



Landau proved in his thesis that the equality Yl^Li ^( n )/n = is equivalent to 
the Prime Number Theorem. J. van de Lune and R. E. Dressier [LD] showed 
that X]^Li( — l) w(n V n = 0, where u(n) denotes the number of distinct prime 
factors of n. 

Now we give natural extensions of the functions /u(n), A(n) and ((s). 

Definition 1.1. For n G Z + we set 

r (_ e 2 W i/"»)w(n) if n is squarefree, / N 

fhn{n) = < . (1.1) 

t otherwise, 
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u m {n) = (_ e 2 ^/ m )" (n ) and v* m {n) = (-e 2d/m ) n ("!. (1.2) 
For 3?(s) > 1 we define 

«.)-f:^-n(-^) 

n=l P 

and 



oo 



cw=E^=n(i + ^) ■ ™ 



n = l 



As z/^ is completely multiplicative, the second identity in (1.4) is easy and 
in fact known. Since v m is multiplicative, if 3?(s) > 1 then 

E^ 1 =nE^ i =nf i -^ i/m Ei 



n=l p fc=0 p v fe=l 

and hence the second equality in (1.3) does hold. 

As fix = /i, we call the generalized Mobius function of order m. Note 
that ( 2 (s) = Q(s) = C(s). Also, i/f (n) = (-l) n ( n ) is the Liouville function 
A(n), and 

«w=E^^=n( 1+ ^) _1 

n=l x ' V 

If we replace — e 27 ™/ m in the definition of Cm( s ) by e 27 "/ m , the resulted function 
was showed to have an infinitely many valued analytic continuation into the half 
plane &(s) > 1/2 by T. Kubota and M. Yoshida [KY]. (See also [A] and [CD].) 
It seems that the zeta function ( m (s) introduced here has not been studied 
before. 

Our following theorem is not difficult. 

Theorem 1.1. Let m be any positive integer. 

(i) The function Ad( n ) = n m (n)X(n) is the inverse of v^Jji) with respect to 
the Dirichlet convolution, and hence 

oo 



n=l 

For 3?(s) > 1 we also have 



~ (I + e 27ri/m\n(n) 

CmW E — = cw- (1-6) 



77." 
n=l 
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(ii) If m > 4, then 



On the other hand, 

n (i + e "" 3 



v 



= 0. 



(1.7) 



and lim 

x— >oo 



p^x 



n i+ 



3 27ri/4 



15 



7T 



(1.8) 



Remark 1.1. If 3?(s) > 1, then both Cm( s ) an d Cm(s) are nonzero by (1.5) and 
(1.6). 

Our second theorem is a general result. 



Theorem 1.2. Let z be a complex number with $t,(z) < 1. Then 
£ = ^)(logx) 2 + c(z) + O^logx) 2 " 1 ) 



n<x 



and 



n is squarefree 



n 



where c(z) and c*(z) are constants only depending on z, and 



T{l + z) 



P 





1 


1 






V 




r 


p 





If \z\ < 2, then 



n<x 



where C(z) is a constant only depending on z, and 

«w-i^iiHrH 



V 



(1.9) 



^(^)(logx) 2 + C ,(^)+0((logx) 2 - 1 ), (1.10) 



E — = nz)(iogxy + c(z) + oaiogxy- 1 ), (i.ii) 



Theorem 1.2 obviously has the following consequence. 
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Corollary 1.1. For any complex number z with $t,(z) < 0, we have 



z uj{n) 



H—^ = < z ) and J2 



y uj(n) 



n=l 



n=l 
n is squarefree 



n 



= c*(z). 



If\z\<2 and R(z) < 0, then 



00 _n(n) 



n=l 



n 



(1.12) 



(1.13) 



Theorem 1.3. We have 



OO / s OO , s 



n 



n=l n=l 

Moreover, for any positive integer m ^ 2 we have 



(logo:) 6 ^ 



71 



logx 



where G(z) is defined as in Theorem 1.2. 
Remark 1.2. It is known that 



(1.14) 



Or > 2), (1.15) 



where c = 1.04389 . . . (see, e.g., [BS, Lemma 14]). (1.15) with m = 4 implies 
that 

H 4 (n) 



lim 

x— >oo 



n 



= |SH)I- 



After reading the first version of this paper, D. Broadhurst simplified \Q{— i)\ 
as a/15 sinh7r/7r 3 . 

Theorem 1.4. Let 



V m {x) = J2^ and = £ 



77. 



for m G Z + and x ^ 2. TTien 



F 3 (x) =.F(-e 2 ™/ 3 )(logaO (1 -^ )/2 + c 3 + O (— !=) 

y 3 *( x ) =^(-e 27ri/3 )(logx) (1 -^/ 2 + C 3 + O (— L 

V Vlog 



(1.16) 
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and 

1 



V A {x) =J= \-%) (log x)~ l + C4 + O 
V*(x) =U(-i) (log x)~ l +C 4 + 



logx J 

1 



logx 



and 



(1.17) 



where 03,63,04,(74 are suitable constants. Also, for m = 5,6,... we have 
V m (x) = V£(x) = o(l), i.e., 



Ul) := £ — = ™* C(l) :=E^ M =0- (1.18) 

n=l n=l 

Moreover, for m = 1, 5, 6, . . . we /iaue 

y m (x)(logx) e " l/m = ^(-e 2 ™/™) + O (^^j (1.19) 



CtoGogx) 6 ™'" = n-e^/-) + O (J--) . (1.20) 



Remark 1.3. It seems that C3 and C3 are nonzero but C4 = (and probably 
also C4 = 0). Broadhurst simplified \H(— i)\ as a/ (sinh7r)-7r/15. 

Theorem 1.1 is not difficult. Our proofs of Theorems 1.2-1.4 depend heavily 
on some results of A. Selberg [S] (see also H. Delange [D] and Theorem 7.18 
of [MV, p. 231]) and the Abel summation method via Abel's identity (see, [A, 
p. 77]). ' 

Motivated by Theorem 1.4 we raise the following conjecture for further re- 
search. 

Conjecture 1.1. BothV^x) = ^^J-^W/r andV^x) = E^f- 1 )^/" 
are 0(x e ~ 1 / 2 ) for any e > 0. Also, | ^(-2) n W | < x for all x > 3078. 

Remark 1.4. It seems that V\(x) might be (9(a/ (log x)/x) or even 0(1/ \fx). 
The asymptotic behavior of En^x ^ was investigated by E. Grosswald [G]. 

In 1958 C. B. Haselgrove [H] disproved Polya's conjecture that ^2 n<x A(n) ^ 
for all x ^ 2; he also showed that Turan's conjecture ^ n<x X(n)/n > for 
x ^ 1, is also false. (See also [L] and [BFM].) Our following hypothesis might 
be the right one along this direction. 
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Hypothesis 1.1. (i) For any x ^ 5, we have 



S(x) := ^(-l) n - fi(n) > 0, 



(1.21) 



i.e., 



\{n ^ x : fl(n) = n (mod 2)}| > \{n < x : O(n) ^ n (mod 2)}|. 
Moreover, 

^(x) > \fx for all x ^ 325, and S(x) < 2.3^/x for all x ^ 1. 
(ii) For any x ^ 1 we have 



T(x)Vx < -1 for all x ^ 2, and T(x)y/x > -2.3 /or aW x ^ 3. 



Remark 1.5. We have verified parts (i) and (ii) of the hypothesis for x up to 
6 x 10 10 and 2 x 10 9 respectively. Here are values of S(x) for some particular 
x: 

5(10) = 2, S(10 2 ) = 14, S(10 3 ) = 54, S(10 4 ) = 186, S(10 5 ) = 464, 
S(10 6 ) = 1302, S(10 7 ) = 5426, S(10 8 ) = 19100, S(10 9 ) = 62824, 

S(10 10 ) = 172250, S(2 ■ 10 10 ) = 252292, S(3 ■ 10 10 ) = 292154, 
S(4 • 10 10 ) = 263326, S(5 • 10 10 ) = 360470, S(5.5 ■ 10 10 ) = 455216. 

Example 1.1. For m = 17593752 and x 2 = 123579784, we have 

S( Xl ) = 9574, S(x 2 ) = H630, « 2.28252, « 1.04618. 

Though we are unable to prove Hypothesis 1.1, we can show the following 
result. 




(1.22) 



Moreover, 
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Theorem 1.5. (i) We have 

S(x) = o(x) and = °- ( L23 ) 

n=i n 

(ii) If S(x) > for all x ^ 5, or T(x) < for all x ^ 1, then the Riemann 
Hypothesis holds. 

Note that 

S(x) > <^ \{n ^ x : 2\(n- Q(n))}\ > ^. 

In view of Hypothesis 1.1, it is natural to ask whether 

x 

\{n ^ x : m I (n — 0(to)}| > — for sufficiently large 

For m = 3, 4, . . . , 18, 20 we have the following conjecture. 
Conjecture 1.2. VFe /mi>e 

I {to ^ x : 4|(to — 0(to))}| < — for any x ^ s(4), 

and /or tto = 3, 5, 6, • • • ,18, 20 we have 

x 

\{n ^ x : ?to|(to — 0(to))}| > — for all x ^ s(m), 

where 

s(3) = 62, s(4) = 1793193, s(5) = 187, s(6) = 14, s(7) = 6044, s(8) = 73, 

s(9) = 65, s(10) = 61, s(ll) = 4040389, s(12) = 14, s(13) = 6943303, 

s(14) = 4174, s(15) = 77, s(16) = 99, s(17) = 50147927, s(18) = 73, s(20) = 61. 

Remark 1.7. The case rro = 19 seems much more sophisticated. Perhaps the 
sign of I {to ^ x : 19|(to — 0(to))}| — rr/19 changes infinitely often. 

As there are generalized Riemann Hypothesis for algebraic number fields, we 
propose the following extension of Hypothesis 1.1. 

Hypothesis 1.2 (Generalized Hypothesis). Let K be any algebraic number 
field. Then we have 

S K (x) := (-l) N{A) - n(A) > for sufficiently large x, 

N(A)^x 

where A runs over all nonzero integral ideals in K whose norm (with respect 
to the field extension K/Q) are not greater than x, and Q(A) denotes the total 
number of prime ideals in the factorization of A as a product of prime ideals 
(counted with multiplicity) . In particular, for K = Q(i) we have Sk(x) > for 
all x ^ 9, and for K = Q(y/—2) we have Sk(x) > for all x ^ 132. 

Now we give one more conjecture. 
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Conjecture 1.3. For an integer d = 0, 1 (mod 4) define 

s d ( x) = v>i r -«<»> (i) , 

where (^) denotes the Kronecker symbol. Then 

S- 4 (x) < 0, S_ 7 (£) < 0, S- 8 (x) < 

/or aZZ x ^ 1, and 

S 5 (x) > Oforx ^ 11, S_ 3 (» > 0/orx ^ 406759, S_n(x) > 0/orx ^ 771862, 
and 

#24(» < /or x > 90601, and S 2 8(» < for x ^ 629819. 

We will show Theorems 1.1 and 1.2 in the next section, and prove Theorems 
1.3-1.5 in Sections 3-5 respectively. 

2. Proofs of Theorems 1.1 and 1.2 

Proof of Theorem 1.1. Clearly ^(1)^(1) = 1-1 = 1. Let N be any integer 
greater than one, and let n be the product of all distinct prime factors of N. 
Then 



5^/C(d)*m ( — ) = J^e 27r<n(d)/m (-e 2 ' ri/m ) n( " / ' /)+£2(AV " ) 



d\N 



d\n 



= (_l)nW») e 27r*n(JV)/mj^ At = q 



d\n 

Therefore \i* m is the inverse of with respect to the Dirichlet convolution *. 
Let s = a + it be a complex number with 3?(s) = cr > 1. Since 



max 



AW 



rr 



1 



n 



a+it 



-it log n 



1 



for any n G Z + , both X^^Li tAn{ n )/ nS an d Zl^Li u m( n )/ nS converge absolutely. 
Therefore 



= 1. 



n° * — ' n- 

n=l n=l 



n=l 



71 s 



Since \p s \ = p a > p ^ |1 + e 27 "/ m | for any prime p, we have 

111 1 ^ ) ^ ~~ ^ 



n=0 
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Note that 



Cm(s)=U 



P s - 1 - e 2 ™/™ _ jj 1 - (1 + e 2vi/my p s 



P s - 1 



1 - 



]_ _|_ g27ri/m 



So (1.6) does hold. 

Now assume that m > 4. Then 27r/m < 7r/2 and < cos(2-7r/m) < 1. For 
any prime p we have 



1 + 



p 



( cos(2-7r/m)\ sin(27r/m) cos(27r/m) 

H )+t • 

V P / P P 



Therefore 



p^x 



n i+ 



D 2iri/m 
P 



n( cos(27i7m)\ 27T 1 

1 + V 7 ; ^ 1 + cos — > -, 



and hence (1.7) holds since ^ p 1/p diverges (cf. [IR, p. 21]). 

Finally we prove the first identity in (1.8). For any prime p, we have 

2 



1 + 



p 



cos2tt/3 1 1 1 l+p~ 3 

= 1 + 2 ^ + _ = i-_ + _ 



p 



p p 2 1 + p 



l ' 



Thus 



p<x 



n i+ 



,27ri/3 
P 



n('v)-n(' + ; 



p^x 



p^x 



<n(i+?)-(^Ei 



-i 



p^x 

Since ^ p l/p diverges while X^pVP 3 converges, the first equality in (1.7) fol- 
lows. 

The second equality in (1.8) is easy. In fact, as x — > oo, 



p^x 



n i+ 



,2tH/4 
P 



= n 

p^x 



1 + - 

p 



has the limit 



n i+ 



1 \ _ n p (l - VP 2 )" 1 _ C(2) _ tt 2 /6 _ 15 



pv ryi-i/p 4 )- 1 c(4) tt 4 /9o ^ 

In view of the above, we have completed the proof of Theorem 1.1. □ 
To prove Theorem 1.2, we need two lemmas. 
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Lemma 2.1 (Selberg [S]). Let z be a complex number. For x ^ 2 we have 

= F(z)x(logx) z - 1 + O (x(logx)^- 2 ^) (2.1) 



n^x 

and 



J2 = G(z)x{\og xY' 1 + O (x(\og xf^- 2 ^) , (2.2) 



n^x 
n is squarefree 



where 



and 



p 

When \z\ < 2, for x ^ 2 we also have 



n^x 

where 



z U{n) = H(z)x(\og x)*- 1 + O (x(\og z)^" 2 ) , (2.3) 



Lemma 2.2. Let a(l), a(2), . . . be a sequence of complex numbers. Suppose 
that 

J2 a ( n ) =cx(logx) z - 1 + 0(x(logxf {z) - 2 ) (x^2), (2.4) 

m^x 

where c and z are (absolute) complex numbers with z ^ and $t,(z) ^ 1. Then, 
for x, y ^ 2 we have 



Ea(n) c n . ( a(n) c n N .\ 
^--(\og X y -\\^--{\og y y\ 

n^x n^y ' (2-5) 

= o((\ogxy- 1 ) + o((iog y y- 1 ). 

Thus, if^t(z) < 1 then 

V^ = £(logx)* + c a + 0(logx) >l W- 1 ) (x>2), (2.6) 



n z 



where c z is a suitable constant. 
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Proof. Let A(t) = J2 n ^t a ( n ) f° r t ^ 2. By the Abel summation formula, 

Ea{n) a(n) A(x) A(y) 

n ^ 



n 



x 



y 



Aifyit-^'dt 



A(x) A{y) 



x 



y 



+ 



f 



A® 
t 2 



dt. 



Note that 



Clearly 



A(t) 



c^ogty- 1 + 0((logt)^ 2) - 2 ) for t ^ 2. 



(iogty-\ dt= (jogty 



and 



t 



(logt)^)- 2 _ (logt)^ 2 )" 1 

(J/L - 



- 1 



(logs) 2 - (logy) ; 



(logrr)^*)- 1 - (logy)^^)- 1 
&(z) - 1 



So the desired (2.5) follows from the above. 

Now assume that R(z) < 1. For any e > we can find a positive integer 
N such that for x,y ^ N the absolute value of the right-hand side of (2.5) is 
smaller than e. Therefore, in view of (2.5) and Cauchy's convergence criterion, 
T^n^x a ( n )/ n ~ c(logx) z /z has a finite limit c z as x — > oo. Letting y — > oo in 
(2.5) we immediately obtain (2.6). This ends the proof. □ 

Proof of Theorem 1.2. When z = 0, (1.9)-(1.11) obviously hold with c(0) = 
c*(0) = C(0) = 0. 

Now assume z ^ 0. As T(l + z) = zr(z), we see that 

^(2) = — <?(z) = — and 7*(z) = — 

z z z 

Combining Lemmas 2.1 and 2.2 we immediately get the desired (1.9)-(1.11). □ 

3. Proof of Theorem 1.3 
We first present two lemmas. 
Lemma 3.1. Let m G Z + and x ^ 1. Then we have 

,27ri / 'm^cj(n) 



(3.1) 



Proof. We first claim that 



J2^(d) = (l-e 2 ^ m r (n) 



(3.2) 



din 
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for any n G Z + . Clearly (3.2) holds for n = 1. If n = p" 1 ■ ■ ■p^ k with pi, . . . ,Pfc 
distinct primes and ai, . . . , G Z + , then 

k 

J2^(d)= Yl ^(nw) = E( fc )(- e2w</m ) r = ( 1 - e2w4/m ) w(n) - 

d|n JC{l,...,fc} M€J ' r=0 ^ 

Observe that 

d^x d^x g^x/d dq^x n^x d\n 

Combining this with (3.2) we immediately obtain (3.1). □ 
Lemma 3.2. Let m G Z + , m^2, and x ^ 2. TTien we /iaue 

X^mW {^} = 0(^)5 E ^m(^) {^} = 0(X), {^} = O(x), 

n^x n^x n^x 

(3.3) 

where {a} denotes the fractional part of a real number a. 
Proof By (2.1)-(2.3), 

J2^(x) =xG{-e 2 ^' m ){\ogx)- e2 ^ /m - 1 +O (x(logx)- cos ^/ m) - 2 ) =o(x), 

n^x 

^z/ m (x) =xF(-e 27ri/m )(loga;)- e2,ri/m - 1 + O (x(log x)" cos(2 "/ m) " 2 ) = o(x), 

n^x 

E *4 0*0 =^(-e 2 ^/ m )(logx)- e2 " /m - 1 +0 (x(logx)- cos ^/ m )- 2 ) = o(x). 



n<x 



(Note that F(-l) = G(-l) = H(-l) = 0.) 

Let w be any of the three functions /j, m , z/ m , u^. By the above W(n) 
J2 n<x w(n) = o(x). We want to show that 



A(x) := J2w(n){^} = o(x). 

Clearly 



n<x 



r(u) := sup < 1 for u ^ 1. 



Also r(u) — >• as u — > 00. 
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Let < e < 1. Then 



|A(aOK 



ex<n^x 



E Wn)-W(n-1)){ 

rx<n^x 



ex<n< |_xj 



+ 



71 + 1 



Lex J + 1 



Note that 



and 



Therefore 



x 



W([£XJ) 



x 



|A(x)Kl + 2ex + J] 



[exj + 1 



■X 



ex<n< |_xj 



n 



in) {n+l} 



^1 + 2ex + xr(ex) ^ 

ex<n< |_xj 



X X f 


X 




X 




n n + l \ 


-H- 




n + 1_ 


) 



^1 + 2ex + xr(ex) ( ( 

<1 + 2ex + xr(ex) (2 



a; x 



ex<n< |_xj 
X 



n n + l 



x 



+ 



a; 



71 + 1 



X 



and hence 



It follows that 



[ex\ + 1 [x\ i |_xj 



\A(x)\ 1 2 , . 

|A(x)| 
limsup 1 v n ^ 2e. 



(3.4) 

x— >-oo X 

As (3.4) holds for any given e £ (0,1), we must have A(x) = o(x) as de- 
sired. □ 

Proof of Theorem 1.3. For z = _ e 2 W m we have ^ft(z) = — cos(2n / m) < 1 since 
m^2. Combining (2.1) with (2.3), we obtain 

J2^m(n) [~\ =F(l + z)x(logx) 2 + o(x(logx)- 1 - cos ( 2 "/ m )). 
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By Lemma 3.2, 



Therefore 



E^^Q =0(X). 



n<x 



- E ^ = E M*) (^J + Q) = ^ + -)-(logx) 2 + o(x) 



and hence 



£ — = <7(*)(k>g*)* + o(l) (3.5) 



n 



since _F(1 + z) = G(z)/z = G(z). Combining (3.5) with (1.10) and noting that 
(logx) _z_1 — > as x — > oo, we get c*{z) = 0. So (1.10) reduces to (1.15). 

For m = 5, 6, . . . we clearly have cos(27r/m) > and hence (1.15) implies 
that J2^=i A*m ( n )/ n = 0. This concludes the proof. □ 

Remark 3.1. The way we prove (1.14) can also be used to show Landau's 
equality YlnLi A(n)/n = 0. Since A = v\, we have J2 n<x X(n){x/n} = o(x) by 
Lemma 3.2. So it suffices to prove ^2 n ^ x A(n) [x/nj = o(x). In fact, 

E A ( rf ) = E A ( rf ) E 1 = E A ( rf ) = E E A ( rf ) 

d^x d^x q^.x/d dq^.x n^x d\n 

= |{1 ^ n ^ x : n is a square}) = [v^J = o(x). 



4. Proof of Theorem 1.4 

Let m E {1, 3, 4, ... } and z = - e 27 "/ m When m = 3, (1.9) and (1.11) yield 

(1.16) with C3 = c(z) and C3 = C(z). In the case m = 4, (1.9) and (1.11) give 

(1.17) with c 4 = c(-i) and C 4 = C(-i). 

Below we assume that m = 1 or m > 4. Note that 3?(z) = — cos(27r/m) < 0. 
By (1.9) and (1.11), we have 



V m {x) = F(z)(\ogx) z + c m + Odlogxy- 1 ) 

and 

V^(x) = U{z){\ogx) z + C m + O(aogx) 2 - 1 ), 

where c m = c(z) and C m = C{z). If c m = C m = 0, then (1.19) and (1.20) 
follow. So it suffices to show V m (x) = o(l) and V^{x) = o(l). Note that 
Ci(l) = S^Li A(n)/n = by Landau's result (cf. Remark 3.1) and also Ci(l) = 
En=i(-ir (n) M = 0by [LD]. 
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Define a(n) = z n ( n ) = z^(n) for n e Z + and A(x) := J2 n ^x a ( n ) f° r x^l. 
And set f s (t) = t~ s for s ^ 1 and t ^ 1. By the Abel summation formula, for 
x ^ xo ^ 2 we have 

£ a(n)/ a (n) = A(x)/ s (x)-A(xo)/ a (x )- f A{t)f s {t)dt 

Jin 



and hence 



E 



v* m (n) A(x) A(x ) 



n- 



x* 



+ s 



x 



A® 

t s+l 



dt. 



(4.1) 



By (2.3), there is a positive constant C such that 

\A(t) - H(z)t(\ogt) z - l \ ^ Ct(logt)- 2 - cos ( 27r / m) for all t > 2. 



Therefore 



A{x) 



X" 



A(xo) 



H(z) (log x) 



2-1 



X S 1 

|lf(z) 



+ 



(logx)~ 2 ~ cos ( 27F//m ) 



x 
C 



s-l 



(log x) l+ cos ( 271 "/ m ) (log x) 2 + cos ( 27r / m ) ' 



|ff(z) 



+ 



C 



and 



.X() 



t s+l 



dt 



<>x 

<|lf(z) 
=\H(z) 



(logxo) 1+cos ( 27r / m ) (logx ) 2+cos ^ 27r / m ) ' 

H( z )t{\ogty- 1 r A(t) - HizXiogty- 1 



dt + 



x 



f s+l 

* x (logt)~ 1_cos ( 27r / m ) 

x 



t 



dt + C 



f s + l 

(log*)' 



-2 — cos(2-7r/m) 



X 



t 



-dt 



(log ty 



cos(27r/m) 



cos(27r/m) 



X (l gt) -1-cos ( 27r / m ) 3 

t=x - 1 - cos(27r/m) 



t = XQ 



\H{z) 



cos(27r/m) \ (logx ) cos(27r / m) (logx) cos ( 27r / m ) 



+ 



C 



l + cos(27r/m) \ (logx ) 1+cos(27r / m) (i gx) 1+cos ( 27r / m )/ ' 



Let e > 0. If x and x are large enough then by the above for any s^lwe 
have 



E 

xo<n^x 





A(x) 


+ 


A{x Q ) 








X s 




Xq 
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Therefore the series Y^Li l/ m( n ) I nS converges for any s ^ 1, in particular 
Y^=i iy m( n )/ n converges! If N is large enough, then for any s ^ 1 we have 



E 

n>N 



< (1 + s)s and 



E 

n>N 



n 



< 2e, 



and hence 



E ^ " WD 



n=l 



N 

E 

n=l 
+ 



E 



n 4 n 



n>N 



n- 



+ 



E 

n>N 



N 

E 

n=l 



O) O) 



n 



+ (3 + s)e. 



Letting s ->■ 1+, we get |C™(s) - C(l)l ^ 3e - Therefore 

lim CW = C(1). 

s— »1+ 



(4.2) 



Similarly, we have lim s ^i + Cm(s) = Cm(l)- 

Note that Theorem 1 of [KY] remains true if we use z = — e 2lTl / m instead 
of p = e 2 ™/ m in [KY]. Thus, there is a function ip(s) holomorphic in the half 
plane 9R(s) > 1/2 such that 

As lim s ^.i ip(s) = V'(l) an d li m s^i+ C( s ) -2 = 00 we must have lim s ^i + Cm( s ) = 
and hence Cm(l) = 0- We can modify the proof of [KY, Theorem 1] slightly 
to prove a similar result for Cm( s ) an d hence deduce Cm(l) = 0. 
So far we have completed the proof of Theorem 1.4. 



5. Proof of Theorem 1.5 

Proof of Theorem 1.5. Let L(x) = ^ <I (-l) sl(n ). (2.3) with z = -1 yields 
that = o(x). Observe that 

S(x) +L(x) = ^((-l) n + l)(-l) n(n ) = 2 ^ (-l) fi(2m ) = -2L (|) . 



Therefore 



S(x) = -L(x)-2L(Z)=o(x). 
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Clearly 



(_l)n-n(n) A(w) _ 2 A(w) _ 2 A(m) 

Z^ r) s Z r> s Z r> s Z^ 



n s ' n s ' n s ^ (2m) s 

n$Cx n^x n^x m^x/2 

2|n 

and hence 

(-l)n-Q(n) = A(w ) A (n) 

n^x n^x/2 n^x 

Since X] n <x M n )/ n = as shown by Landau, we get ^2 n<x (— l) n ~ Q ^ /n = 
o(l) and hence E^iC- 1 )""^/ 71 = 0. 
Let &(s) > 1. Note that 

± tvmm = _ (1 + f m = _ (1 + 2l -)f£i . 

^ n s v ; ^ n s v ; C(s) 

n=l n=l "5\ / 



On the other hand, by Abel's summation method, we have 

(-1)™"°^ _ S(x) 

n<x 



x 

* *. i / i 

dt 



and hence 



Therefore 



nS ~ x s +S Ji t s+1 

n=l 



, 1 _. 1 c(2») . rs(t) 



-< i+2 m =s J 1 ^ dt (5 ' 1) 

Let cr c be the least real number such that the integral in (5.1) converges 
whenever §R(s) > a c . By the above, a c ^ 1. 

Suppose that S(x) > for all x ^ 5. In view of (5.1), by applying Landau's 
theorem (cf. [MV, Lemma 15.1] or Ex. 16 of [Ap, p. 248]) we obtain 

1 + 2 1 "* C(2s) 
lim • — : = oo 



s— >-<T c 



C(s) 



and hence a c ^ 1/2 since £(s) has no real zeroes with s > 1/2. So the right- 
hand side of (5.1) converges for 3?(s) > 1/2 and hence so is the left-hand side of 
(5.1). Therefore £(s) 7^ for Sft(s) > 1/2, i.e., the Riemann Hypothesis holds. 

Similarly, if T(x) < for all x ^ 1, then we get the Riemann Hypothesis by 
applying Landau's theorem. 

So far we have completed the proof of Theorem 1.5. □ 
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